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Widths of weighted Sobolev classes with weights 
that are functions of distance to some h- set: some 

limiting cases 

A.A. Vasil’eva 


1 Introduction 


Let X, Y be sets, and let fi, f 2 '■ X x Y —> R + . We write fi(x, y ) < A ( 2 , y) (or 


A ( 2 , y ) > fi(x, y)) if for any y G Y there exists c(y) > 0 such that fi(x, y) ^ 


c{y)h(x, y) for any x G V; f\ ( 2 , y) x f 2 (x, y) if ,/i ( 2 , y) < f 2 (x, y) and f 2 (x, y) 


< 

r^j 


fi(x, y ). 

Let fl C S' 1 be a bounded domain (i.e., a bounded open connected set), and 
let g, v : 0 —y (0, 00 ) be measurable functions. For each measurable vector-valued 
function ijj : U —* R z , ip = ('ipk)i^k^i, and for any p G [1, 00 ] we set 


1 /p 


lhlU P (n) = max |Cfc 


1 


max \ip k (x)\ p dx 


l<k<l 


Let (3 = (/3i, .. ., /3d) G 7L d + := (N U (0}) rf , \/3\ = [3\ + ... + (3d- For any distribution 

/ defined on 0 we write V r / = ( d r f / dx 13 ) _ (here partial derivatives are taken 

V / \/3\=r 

in the sense of distributions), and denote by gd the number of components of the 
vector-valued distribution V'/- We set 


W; iS (Q) = {f : D, -> R| 3i/i : ft -> 


we denote the corresponding function pj by 


Mn)<l, V r / = 0 ■ V>} 


V7 


Lq^v (^) 


J,V \\fv\\L q (n)i Lq, v (£l) {/ . ft > 


h v < OO} . 


We call the set W^ g (Q) a weighted Sobolev class. Observe that ILgj (ft) = Hg (ft) is 
a lion-weighted Sobolev class. For properties of weighted Sobolev spaces and their 
generalizations, we refer the reader to the books P31II3112I1I2ZISB1EZI and the survey 

paper [20]. 
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Let (. X , || • ||x) be a normed space, let A"* be its dual, and let C n { A), n G Z + , be 
the family of subspaces of A of dimension at most n. Denote by L(X, Y ) the space 
of continuous linear operators from X into a normed space Y. Also, by rk A denote 
the dimension of the image of an operator A G L(X, Y), and by ||v4||x-s.y, its norm. 

By the Kolmogorov n-width of a set M C A" in the space X, we mean the 
quantity 

d n (M, A") = inf sup inf ||x — y\\x, 

L£C n (X) x£M 

by the linear 71 -width, the quantity 

A n (M, X) = inf sup ||x — Ax || v, 

V ' AeL(X,X),vkA^n xeM 

and by the Gelfand 77-width, the quantity 


d n (M, X) = inf sup{||a:|| : x G M, x*(x) = 0, 1 ^ j ^ n} = 

xi,...,x*ex* 


= inf sup{||tc|| : x^MCikerA}. 

AeL(X,R n ) 

In estimating Kolmogorov, linear, and Gelfand widths we set, respectively, A") 

di(M , A) and q — q, di(M, X) = A i(M, X) and q = minjg, p'}, di(M, X) = 
d l (M, X) and q—p'. 

In the 1960-1980s problems concerning the values of the widths of function classes 
in Lg and of finite-dimensional balls B in l q were intensively studied. Here l q 
(1 ^ q ^ 00 ) is the space M n with the norm 


IKoq, ..., x n )\\ q = ||(a?i, ..., z„)||z» 


(|xi| 9 -I-h \x n \ q ) 1/q , if q < 00 , 

max{|xi|, ..., |x n |}, ii q — 00 , 


B™ is the unit ball in For more details, see [20 AT Alj . 

Let us formulate the result on widths of non-weighted Sobolev classes on a cube 
in the space L q . We set 


Jp,q,r,d 


5 
d 

mm 


(j - j) , if P > Q or 2, 


7i + min { 


1 _ 1 1 _ 1 \ q§_ 


}> Sh if p<q, q>2. 


( 1 ) 


T 1 1 

Theorem A. (see, e.g., [i71 112U191l35l h Let rGN, 1 ^ p, q ^ 00 , - H->0. In 

d q p 

addition, we suppose that 


5 

— + nun 
d 

in the case p < q and q > 2. Then 


1111 
p q 2 q 


r 2d 


( 2 ) 


l] d ), L q ([0, if)) X n ~ u p,i,r,d 

r,d,p,q 
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The problem concerning estimates of widths of weighted Sobolev classes in 
weighted L g -space was studied by Birman and Solomyak [7], El Kolli [IS], Triebel 
[36,28], Mynbaev and Otelbaev [27] . Boykov [HIE], Lizorkin and Otelbaev [261128] , 
Aitenova and Kusainova IB2I- For details, see, e.g., [46]. 

Let | • | be a norm on M d , and let E, E' C x G M d . We set 


diani|.| E = sup{ | y — z | : y, z G E}, dist|.| (x, E) = inf{|x — y | : y G E}. 


Definition 1. Let hi C M. d be a bounded domain, and let a > 0. We say that 
hi G FC(a) if there exists a point x* G hi such that, for any x G hi, there exist a 
number T(x ) > 0 and a curve 7 x : [0, T(x)\ —> hi with the following properties: 


d'Yx (t) 

dt 


= 1 a.e., 


1- 7 xG AC[ 0, T(x)\, 

3. 7 ^,( 0 ) = x, 7 x {T(x)) = x *, 

3. B at {pi x (t)) C hi for any t G [0, T(x)\. 

Definition 2. We say that hi satisfies the John condition (and call hi a John domain) 
if O G FC(a) for some a > 0. 


For a bounded domain the John condition coincides with the flexible cone condition 
(see definition in [ 6 ]). Reshetnyak [301131] found an integral representation for functions 
on a John domain hi in terms of their derivatives of order r. This representation yields 
that for ^ ~ ^ ~ ^) ^0 (for ^ — 0 > 0 , respectively) the class Wp(hi) can 

be continuously (respectively, compactly) imbedded into L q (fl) (i.e., the conditions 
of continuous and compact imbeddings are the same as for hi = [0, I] 6 *). Moreover, 
in 0|39] it was proved that if hi is a John domain and p, q, r, d are such as in 
Theorem [A] then widths have the same orders as for hi = [0, l] d . 

Throughout we suppose that hi C (—|, |) (here hi is the closure of hi). 

Denote by El the set of all non-decreasing functions defined on (0, 1], 

Definition 3. (see mb Let T C M. d be a nonempty compact set and h G EL We 
say that V is an h-set if there are a constant c* ^ 1 and a finite countably additive 
measure // on such that supp p = T and 


c* 1 h(t ) < p(B t (x)) ^ c*h(t) 


(3) 


for any x G T and t G (0, 1], 

Throughout we suppose that l<p^oo, l^g<oo, rGN, J:=r + ^ — )|>0. 
We denote logx := log 2 x. 

Let T C <9hl be an h-set, 


g(x) = (p g (dist 1 . 1 (x, T)), v(x) = ^(dist M (x, T)), (4) 
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where <p g , tp v : (0, oo) —>■ (0, oo). Suppose that in some neighborhood of zero 


h(t) = t e \ logf| 7 r(| log11), 0 < 0 < d, 


( 5 ) 


<Pg{t)=t ^ 9 \ logf| ° 9 Pg (| log f |), (fi v {t)=t ^ | log 1 1 a >,(|l0gf|), (6) 

where p g , p v , r are absolutely continuous functions, 


yr'(y) r yp' 9 (y) 

11 m -= imi ——— 

y^+oo r(y) y-H-oo p g {y) y^+oo p v [y ) 


= lim V -M = 0. 


(7) 


For /3 V < in [401141043] there were obtained sufficient conditions for embedding 
of W r pg {yt) into L qiV (VL), and order estimates of Kolmogorov, Gelfand and linear 
widths were found. Here we consider the limiting case 


A, = 


d-o 




1-7 


( 8 ) 


We set p = /3 g +/3 v , a = a g +a v , p(y) = p g (y)p v (y), 3 = (p, q, r, d, a, c*, h, g, v), 
3* = (3, diamO). 

Theorem 1. There exists Uq = no (3) such that for any n ^ n 0 the following 
assertion holds. 


1. Let p - 8 + 0 - i) < 0. 


We set 


_ | 1 | (/ 3 — 3)7 p—S 

cr*(n) = (logn) Q 1 e p(logn)r _5_ (logn). 

Let p^q or p<q, q^2. We set 

d \q Pj + 0 \q pj + 


(9) 


cxi(n) = 1, cr 2 (n) = a *(n). 
Suppose that 61 ^ 0 2 , j* G {1, 2}, 

0j, = min{6>i, 6> 2 }. 

Then 


( 10 ) 
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• Let p < q, q > 2. We set 


0 _ 5 , min f 1 11 1 1 _ & 

+ 0 2 --, 


( 11 ) 


e 3 = s -J. + min St^l i-i}, = (i2) 

0 I.P <? 2 gj 20 


&i(n) — a 2 {n) — 1, cr 3 (n) = cr 4 (n) = cr*(n). 
Suppose that there exists j* e {1, 2, 3, 4} such that 


9j m < ruin 0 3 . 

3 ¥= 3 * 


Then 


®n(w: {LL), L q>v {VL)) x n dj *a jt (n). 


(13) 


(14) 


2. Let (3 — 5 + 0 (jj — = 0 .In addition, we suppose that «o := a — ^ > 0 for 

p < q and a 0 := ot — 1 — (1 — 7 ) Q ^ j >0 for p ^ q. Then 


9 n (Wf (fi), L qv (S2)) x (log n) a °p(logn)r ^ ^ + (logn 


Remark 1. From Theorem\A ] it follows that for ^ fde order estimates are 

the same as in the non-weighted case. 

Remark 2. Formulas in Theorem. [7] differ from formulas in by the power of the 
logarithmic factor. 

The upper estimates follow from the general result about the estimate of widths 
of function classes on sets with tree-like structure. Problems on estimating widths 
and entropy numbers for embedding operators of weighted function classes on trees 
were studied in papers of Evans, ffarris, Lang, Solomyak, Lifshits and Linde (1611231 
1251132]. 

Without loss of generality, as | • | we may take |(a?i, ..., xf)\ = max^^ |xj|. 


2 Proof of the upper estimate 

In this section, we obtain upper estimates for widths in Theorem [1] 
The following lemma was proved in [44] (see inequalities (60)). 


5 






Lemma 1. Let A* : (0, oo) —> (0, oo) be an absolutely continuous function such 
that lim V M V \ = 0. Then for any £ > 0 

y^+oo A *(y) J y 


t~ £ < 

rs_/ 

e,A» 


MM < ,e 

Mv) eX ’ 


1 ^ y < oo, l^t<oo. 


(15) 


Let c* ^ 1 be the constant from the definition of an h- set. From (151). (151). (17|) and 
Lemma Q] it follows that there exists Cq = Cq(3) ^ c* such that 


M) 

h{s) 


< Co, 


Tg(t) 

Tg(s) 


< Co, 


Tvit) 

Ms) 


< Co, 


je N, t,se [2-i-\ 


(16) 


Let (fl, E, v) be a measure space. We say that sets A, B C hi do not overlap 
if u(A fl B) = 0. Let m £ N U {oo}, E, E\, ..., E rn c hi be measurable sets. 
We say that {Ei\fL 1 is a partition of E if the sets E % do not overlap pairwise and 
^ [(U^) A E\ = 0. 

Let (T, f 0 ) t* e a tree rooted at £ 0 . We introduce a partial order on V(T) as 
follows: we say that £' > £ if there exists a simple path (£ 0 , £i, •.., £ n , £') such that 
f = tfk for some k £ 0, n. In this case, we set pr(£, £') = Pr(C, 0 = n + 1 — k. In 
addition, we denote pr(£, £) = 0. If £' > £ or £' = £, then we write £, and denote 
[£, £'] := M e V(T): f" < £'}. This partial order on T induces a partial order 

on its subtree. 

Given j £ Z + , £ £ V(T), we set 


Vj(fl := Vf K) : {£' J f : prK, O = )}■ 


For each vertex £ £ V(7~) we denote by 7^ = (7^, £) a subtree in T with vertex set 

{e'ev(T):oa 

In [HHE] a tree {A, Vj,,i) with vertex set was constructed, as well 

as the partition of hi into subdomains 0[£], £ £ V(»4). Moreover, i) — 

{VjAieij and there exists a number s = s(a, d) £ N such that 


diarn Q[r/ J;J ] x 2 s \ 

’ a,d,co 


dist|.| (x, T) x 2 SJ , xeLl[r] j:i ], 

a,d,co 


In particular, 


card VMMi) 


< 

a,d,co 


h(2“^) 
h( 2 ~v ’) 1 


f > j > j*- 


nni 

card Vf ( 77 ^) < 1 , j f j*. 

a,d,co 


(17) 


We set 

«(%*) = = TgM^) ■ 2 ~Mp) s \ w{r) jti ) = wj = PvM 33 ) ■ 2~~^■ (18) 

Given a subtree V C A, we denote 0["D] = U£ e v(z>)^[£]- 

In [45] sufficient conditions for embedding Wf g (il) into L q>v {Ll) were obtained; 
here (1T611 holds and the functions g, v satisfy (14]) . Let us formulate these results. 
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Theorem B. Let u, w be defined by 1 < p < q < oo. Suppose that there exist 
and A G (0, 1) such that 


i/g 


E 

l=j+lo 


/l(2-*W+ z o)) q 
h( 2 -*) 


Wi 


< K j > J* 


(19) 


1/9 


Le/ sup J>jt Uj I X) I < oo. Then WJ g (Q) C L qjV (Q) and for any k^z /*, 




£* G there exists a linear continuous operator P : L q>v (Ll) — * "P r _i (Q) 

such that for any subtree T> G A rooted at £* and /or any function f G PT/ 9 (f2) 


>-sr 


11/ - ^7lU,,„(np>]) < sup Uj ( -> ■ 

3 ' 




/i(2- 


V7 


L p (n[D]) 


Theorem C. Lei p ^ g, £* G , (%„i), and tet the functions u, w on V(Al) 6e 


defined by PDA) . We set vbj = Wj ■ ipfpwj') q , Uj = u 


h(2~ s i) \ v 
h(2- 


Mu,u,(k):= sup (V^VfX^i 


fc^7<oo ' • 

*=j 


i=k 


2 =wrj) , k < oo. TeZ 
<oo, 1 < p = g < oo, (20) 


Mu,w{k) 




( 21 ) 


Then WJ g (n[^4^]) C L g) „(n[^4^]) and there exists a linear continuous operator 
P : L qv (Ll) —> Vr-iifil) such that for any subtree T> C rooted at /* and for any 
function f G Wf g (Ll) 


Wf-PfK vm) <M^(k) 

3 

Suppose that (J5]), (J6]), (fTl), (JHJ) hold. 

From ®, © and (fTBl) it follows that 

u(Vj,i ) = Uj = 2 s ^P g - r+ p\sj)- as p g (sj), wir/jfi = Wj = 2~^T (sj)~ av p v (sj). (22) 



Recall that 5 — r + - — 

q p 
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Corollary 1. Let 1 < p < q < oo, r £ N, 5 > 0, and let the conditions (C5J), (©j, 
(E]j, hold. In addition, we suppose that 


either /I — 6 < 0 or f3 — <5 = 0, a > -. 

q 


(23) 


Then Wf g (Q) C L qjV (fl) and for any k ^ j*, £* £ ^'k-jS r !j*, i) there exists a linear 
continuous operator P : L q>v (Tl) —> V r -i (f2) such that for any subtree T> C A rooted 
at £* and for any function f £ W^ g (Q) 


11/ - /7lk„(«H) 5 2-< < -«“(a)-“ + ip(a) 

3 


V7 


z- P (np]) 


Proof. From (J5j) and (1221) it follows that 


OO OO 

E SSfcf = E 2-‘»(*)-“'V?(s) • 5 

2 -^ j [sj]-^ q+1 pl(sj). 


i=j 


2 esi (sj)^r(sj) 13-C5J 


i=j 


(si)^r(si) 


(24) 


This together with Lemma Q] implies dT9li . Further, 


SUp Uj 

j^k 



h{ 2 “«) 
h( 2 “ K ) 



JHU22Hp,|2l 

? 


2 -(5-^fe(- A ,)-a+| p (- A ,)_ 


It remains to apply Theorem [B] 


□ 


Let us consider the case p ^ q. We apply Theorem O For j ^ k. we have 
0.I22J 2 ° j (^- r+ i)(sj)- a °p g (sj) • 2" 

kPrP(sk) /Qr\ 

iT 51). (I22I) ggfc - f-" 


Uj = 


Wj 


- 2 


- 9S( i ^ j P TP(sj) 
p tee— j 
kP tP (sk) 

“w)-“"p„w)- 44 m - 

j q r q {sj) 


Corollary 2. Let 1 < p ^ oo, 1 ^ q < oo, p ^ q, r £ N, 5 > 0 and let conditions 


(GJ/> (©A (EJA (©i hold. Suppose that either [3—5+6 Q ^ <0 or /3—5+9 Q — p'j — 

0 and a — 1 — (1 — 7 ) ^ ^ >0. Then Wf g (IV) C L qtV (Q) and for any k ^ j*, 

£* £ there exists a linear continuous operator P : L qtV (Q) —> P r _i(f2) 

such that for any subtree V C A rooted at £* and for any function f £ Wf g (Tl) 

11/ - r/lk,. ( n M) < 2-< i -«“(sfc)-« + L(sfc) 

3 


V7 


r„ enrol) 


m fde case /3 — 5 + 6 * ^ ^ < 0 , 


and 


3 


-e( )*^i.\-a+i+5-^ r t-i 


; p(sk) 


V7 


i P (n[u]) 


m fde case /3 — 5 + 6 Q ^ = 0 . 
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Proof. Let p — q. Applying (1251) and (12U1) and taking into account that a v > pp 
and I3 g - r + jj - J § /3 - 5, we get 


p) (Y (sj)rp(sj) 


Mu^(k) < sup(sl) av+ « p v (sl)T i (si) ( V] 2 p ' {l3 5)sj (sj) p '( 

3 i>k \^ k 

If f3 — 8 < 0, then by Lemma [T] 

MuAk) < 2 V-W k (sk)- a+k *p{sk). 

3 

Let (3 — 5 = 0. We may assume that — a g + p + p > 0 (otherwise, we multiply Uj by 
p with some c > 0). Then 


(26) 


My„w{k) < (sk) a+1 p(sk). 
3 


(27) 


Let p > q. Applying (1251) and (1211) and taking into account that a v > an d 

iHll _ / ^ ^ ^ S ^ ^ 

Mu,w(k) < 2 _ sk \9~p) (sky^-piT^-p (sk) x 


x 


^( S j)p- 9 ' 

yj=k 


i\ pq v 

> + p ) Pv~ q (sj)T~ (sj)a(j) 


PQ 

p-q 


1_1 
q p 


where 


a(j) — ( 2 SI ( /3 5+e (i p)) p (si) p ( °‘ 9+p ^p p g (si)r p (si) 

\ i=k 

If fi — 8 + 0 Q ^ <0, then 


a(j) < 2 sk Y 5+e Y p))(s/c)( ° 9+ p^p g (sk)TP (sk), 
3 


and by the second relation in (jSJ) we have 

AM*) < 2^-^ fc (sfc)-“ + V(sfc). 


(28) 


If (3 — 5 + 6 Q — I'j =0 and a > 1 + (1 — 7 ) ^ — -), then we may assume that 


-a, + - + -^ > 0. We have 
y p p' 


MuM k) < 2- 6 (\-lY sk (sk)~ a+1+ \-i’p(sk). 
3 


This completes the proof. 


(29) 

□ 
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Remark 3. Notice that in order to prove Theorems [H and [0 we use estimates 
for norms of summation operators on trees, which are obtained in If (3 — 5 + 

9 (y — p) < 0? then these estimates can be proved easier (we argue similarly as 

in E3 Lemma 5.1]). 

Applying Corollaries [Tj and [2] and arguing similarly as in [43 , Theorem 1], we 
obtain the desired upper estimate of widths. 


3 Proof of the lower estimate 

In this section, we obtain the lower estimates of widths in Theorem [D 

If -fA > 4 then by Theorem [A] (see also Remark [T]) and by the upper estimate 

of d n (W^ g (Tl), L qtV (Tl)), which is already obtained, we have I} n (W^ g (Tl), L qjV (Q)) < 

3 

'd n (Wf([Q, l] d ), L q ([ 0, l] d )). On the other hand, there is a cube A C O with side 
length 1(A) x 1 such that g(x) x 1, v(x ) x 1 for any x G A (see [43] h Hence, 

^n(WI (Q), L qtV (Q)) > d n (H /r ([0, l] d ), L q ([0, l] d )). Thus, we obtained the order 
’ 3 * 

estimates of widths in the case pp > 4. 

Consider the case pp ^ In order to obtain the lower estimates we argue 
similarly as in [42] • It is sufficient to prove the following assertions. 

Proposition 1. Let pp ^ 4 Suppose that one of the following conditions holds: 1) 

(3 — 5 + 6 — -) < 0 or 2) (3 = 8, p < q. Then there exist 0 = 0(3*) G N and 

\q p / + 

k = k( 3*) G N such that for any t G N, t ^ 0 there exist functions ifj it G C'^°(M d ) 
(1 0 .7 0 jt ) with pairwise non-overlapping supports such that 

3t > 2 ek (kt)-' y T- 1 (kt), (30) 

3 . 

= h ||V’j,t|U 9 , v (n) > 2 ^~ 5)kt (kt)~ a+ \p(kt). (31) 

L P (U) 3 * 

Proposition 2. Let (3 — 5 + 6 (^ — = 0, p ^ q. Then there exist O = 0(3*) G N 

and k = k( 3*) G N such that for any t G N, t ^ 0 there exist functions ifjj G 
C'^°(M d ) (1 0 J 0 jt) with pairwise non-overlapping supports such that 

j t >2 ek (k)^r- 1 (kt), (32) 

3 * 
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i, 


\Hj,t\\L q ,v(P) 


> 2~ e 
rsj 

3 * 



-a+i+l-i 

<2 P 


p(kt). 


(33) 
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First we formulate the Vitali covering theorem [22, p. 408]). 

Theorem D. Denote by B(x, t) the open or closed ball of radius t with respect to 
some norm on centered in x. Let E C be a finite union of balls B(xi, rf), 
1 ^ i ^ l. Then there exists a subset X C {1, such that the balls {B(xi, r,;)}* e x 

are pairwise non-overlapping and E C U i & xB(xi, 3 rf). 

Let 1C be a family of closed cubes in with axes parallel to coordinate axes. 
Given a cube K £ /C and s £ Z + , we denote by S S (K) the partition of K into 2 sd 
closed non-overlapping cubes of the same size, and we set S(A') := [J s( _ z+ S s (iL). 

Given a cube A £ 5 such that A D T 0, we dehne the cubes Qa, 

Qa, Qa and the points i'a, xa as follows. 

Let m £ N, A £ S m A n T 0. We choose sa £ A n T and a cube 

Qa such that A £ Si(Qa), 


dist|.|(x A , <9 Qa) ^ 2 m 1 . 
Denote by xa the center of Qa- Then 


Qa — xa + 2 


—m+1 


l l 
2 ’ 2 


We set 


Qa — xa + 3-2 


1 1 

2’ 2 


, Qa — xa + 2 


-m+2 


1 1 

2 ’ 2 


I d 


(34) 


(35) 


(36) 


Recall that the norm | • | is defined by |(xi, ..., xf) | = maxi^d |xj|. 

Let k £ N (it will be chosen later). For each l £ we set 

Efi A) = {x £ Q a : dist H (x, T) ^ 2 ~ m ~ k+2 }, Efi A) = £,(A) nQ A nO. (37) 


Notice that 


Qa = E 0 ( A). 

Denote by rnes A the Lebesgue measure of the measurable set A C M d . 
Lemma 2. The following estimate holds: 

mes A) (A) < - nErfm) -^ 

3* (m + klfir(m + hi) 


In addition, there exists mo = 
mes Ef A) 


= -mo(3*) such that for m ^ mo 

> 2 -md-(d-0)kl 777 7 r(m) 

3^ (m + klpr(m + h/) 


(38) 


(39) 


(40) 
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Proof. Let us prove (J32J). Consider the covering of the set £)(A) by cubes x + K, 
i 6 m Qa, K = (— 2~ m ~ kl+3 , 2 -™-M+3y yy e take a finite subcovering; applying 
Theorem [D] (the balls are taken with respect to | ■ |), we get a family of pairwise 
non-intersecting balls {x* + K}f =1 such that {xi + 3 K}f =1 is a covering of Ei(A). 
Since LA, (x, + K) is contained in a ball B of radius R x 2 _m , we have 


N J3J.C6J 

£>(* + *0 < M**) < /!(2-”*); 


since s, 6 T, we get ji(x l + K) 


EJMJ 

3 ^ 


h {2~ m ~ k ) 


and N < 
3 * 


h{ 2~ m ) 


Finally, 


N 

rues E[(A) mes 

i =1 


( Xi + 3K) < 2~( m+k)d 
3 , 


h{ 2~ m ) 
h(2- m ~ k )' 


It remains to apply ()5j). 

Let us prove (HUD . Denote by Q* A the homothetic transform of the cube Qa with 
respect to its center with the coefficient 1 — 2~ kl ~ 3 . We set 

{AJt, = {A' e H m+fe+3 ([-l/ 2 , l/ 2 ] d ) ; A' c Q‘ A , A' n T + 0 }. 

It can be proved similarly as formula (4.20) in [40] that L x . Since Ajfir 7 ^ 

0 , it follows from the definition of A,; and Q* A that Uf =1 QA t C Ei( A) HQ a- Finally, 
for any j G {1, .. ., L} 

card {i G 1, L : mes (Qa* n Qa,) > 0} < 1. 

d 


Therefore, it is sufficient to prove that mes(QA, ; fl D) x 2 ( m + kl ) d m 

3 * 

Let x G Qa, Hfi, |x — xaJ ^ 2~ m ~ kl ~ 5 . This point exists since xa, G T C dVt 
and (134D holds with m + kl + 3 instead of m; moreover, distu(x, dQ Aj^2~ m_M . 

d 

Let x* and 7 X (-) : [0, T(x)] —» D be such as in Deffirition [0 There exists m 0 = 
m 0 (3*) such that x* ^ Qa ; for m ^ m 0 . Let 7 x (t*) G <9 Qa, ; - Then t* > 2~ m ~ kl . 

d 

By Definition [TJ the ball B att (j x (t*)) is contained in f2. It remains to observe that 

mes (B aU (7*(i*)) n Qa*) > 2-( m+ * i > d . □ 

3 * 

Remark 4. From 039 1) it follows that mes (Qa D T) = 0. 

Suppose that m ^ m 0 (3*). 

Choose fc = fc(3*) such that for any l G Z + 


mes 


(M(A)\M+i(A)) 


x 2 - md - (d _e)fc; mW(m) 

3* (m + kl)^r{m + fcZ) 


(41) 
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(it is possible by (1501) . (1591) and (1501) ). 

Let -0 G C^°(R q! ), supp-0 C [— |] d , ij)\ r _3 gnd = 1, 0(x) G [0, 1] for any x G R d . 

We set 


Then 


= 0(2 m 2 {x - x A )). 


supp 0A C <5 a, -0a|q a = 1, 


(42) 


(43) 


V' r '0 A (^) 


0(z) 


0.0,133 

< 2 - /3 « (m+fc ')(m + ifcZ) at ®p- 1 (m + kl) ■ 2 rm , X G Ei(A)\E t+1 (A). 

3* 

(44) 


We set c a = 


VTa 

9 


-1 


> 0. 


Lp(Q a ) 

Lemma 3. The following estimates hold: 

ca > 2 ( y 09 ~ r+ p) m m~ o ‘ 9 pg(m), c A ||^A|U 91 ,(n) > 2 U3 ~ 5)m m~ a+ *p(m). (45) 

3. ’ 3. 


Proof. We estimate the value 


v r hA 

9 


the conditions ^ 4, 0 < d and /3 V =* it follows that 


L P (Q a ) 

'SI 


from above. First we notice that from 


d-0 „ 

Pg H-> 0. 

P 


(46) 


Hence, by Remark 0 

V r 0 A P 


.9 


E 

MQa) zez + 


V r 0A 


< 

rsj 

L p (Ei(A)Wi + i(A)) 3* 

. o- dm-(d-e)k m 7 r(m) 


< V 2- p/3 « (m+w) (m + fc/) pa V0 P (^ + ^)'2 prm -2 
^ 9 (m + fc/)w(m + M) 3* 

x 2 p (-^+ r -|) m m P“ 9p -P( m ). 

This implies the first inequality in (1501) . Let us prove the second inequality. Taking 
into account that 0 a|q a = 1 and P v = we get 


> J2 W v ^W q 


9 

L q , v m ^ ll-rii|i i9 ( S| ( A )\B I+1 (A)) 


0,0.123.S3 

> 

rs_/ 

3. 
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> J2 2 M m + k \m + kl)~°"" q p q {m + hi) 
iez+ 


_ 2 -md-(d-e)k _ m 7 r(m) _ 

(m + A;/) 7 r(m + M) 


© 

> 

rs_/ 

j * 


> 2^ vCt ~ d ^ m m~ qav+1 p q (m) 

It remains to apply the first inequality in (l45lh □ 

Proof of Proposition [Q Let 






Anr^0 


(47) 


Then {Qa„}i/gAT is a covering of T. Denote by Q\ v the homothetic transform of 
Qa v with respect to its center with coefficient 3. Applying Theorem [D1 we get that 
there exists a subset A f C Af such that {QaS\vgap are pairwise non-overlapping 
and is a covering of T. We claim that 

card AT > 2 ek {kt)^T-\kt). (48) 

3* 

Indeed, 

card AT ■ 2 - dk (ktyr(kt) = card AT • h(2~ k ) > M r ) x 1- 

3 * ueM' " 3 * 

We take {ca^a„}ugW as the desired function set. It remains to apply Lemma 
[3] with m = kt and (jj8j) . □ 

Let us prove Proposition [2 Since ft — 5 + 9 Q — ^ = 0 and f3 v = then 

P g = r (49) 

p p 

Let t G N be sufficiently large, and let A G E~ kt ^[—1/2, l/2] £Z j, A D T j - 0. For 
each s G Z + we set 

{A^jiej. = {A' G Z Ht+s) ([-1/2, l/2] d ) : A'cQa, A'nT^}. (50) 

Let 

t 

Ia(x) = 

s=0 i£j s 

where functions ipA s are defined by formula similar to (1421) . 

There are a number t 0 = t 0 (3*) and a cube A 0 G ^[—1/2, 1/2]°^ such 

that AcA 0 , TnA o ^0 and supp /a C Qa 0 - 
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Let l G Z+, x G Ei(A 0 )\Ei + i(A 0 ) (see (1571) with m = k(t—t 0 )). Then dist|.| (x, T) 


2 7+0. w e estimate 
V r ^A. ii (a:) 


a( x ) 


from above. If x G supp La, i for some i G J s , then 


HLJEEZMSffl 

< + /)) a V7 1 (M^ + 0) • 2 rfc(t+s) . 

3. 


s(z) 


Moreover, by (I5U1) we get s ^ l + s 0 with s 0 = s 0 (3*)- Since supply, C Qa si; by 
the dehnition of Q^ a i it follows that for any x G Q a 0 the inequality card {i G J s : 
x G supp V^As i } < 1 holds. Hence, for l ^ t — s 0 


V7a(x) 




and for / > t — So 
V7a(x) 


l+SO 


03 


g(x) 


This yields that 


<S^2-^ kit+l \k(t + l)) a °pZ 1 Ck(t + l))-2 rk{t+s) < 

3 ' 3* 

< 2 (r -^)7+0(7)« 9p - 1 (7) ; 


4 .03 

< V 2 -^ +z) (A:(t + 0)“ 9 p7 1 (Mt + 0) - 2 rk(t+s) < 

3* 3* 

< 2~^ h(t+l \k(t + /))“V7 1 (M^ + 0) ' 22rk - 


V7a 


V ? /a P noon 

i = 0 


< 

rsj 

L p (Ei(Aq)\Ei + 1 (Ao)) 3« 


< 

r^j 


2 p ( r ~P^ k (- t+l ) (kt) paa p~ p (kt) ■ 2~ ktd ~^ d ~ e ^ kl _ ( ktyr(kt ) 


1=0 


(k(t + l))ir(k(t + l )) 


^ 2-p^fc(t+i)(^( i+i ))pa 9p -p(^( i+i )).22rWp. 2 -fcM-(d-e)fci_- (kt^Tjkt) 


< 


l = t-SQ-\-l 


{k{t + l)^r(k(t + l)) 3. 


< 2- ke (H)“ sP+1 p- p (7). 


Thus, 


V7a 




(51) 


L P (Q) o* 


Let us estimate ||/a||l 9 ,„(o) from below. Let x G £ , ;(A)\^ +1 (A). Then dist|.|(x, T) 
2 ~fc(t +0 anf ] there exists Iq = Zq( 3*) such that for 0 ^ s ^ l — Iq there exists i s G J s 


E3 
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such that x G Q/± aia - (Indeed, since x G Qa by (1471) . there exists a point y G TPiQa 
such that \x — y\ x 2 _fe h+0. We choose a cube A Sj i s that contains the point y. By the 

m 

dehnition of the cube QA a , ia , we have XA S]ig G A Sjis ; hence, |?/ — XA s i | ^ 2 fc ( t+s ). 
Therefore, |x — XA si | ^ |x — y\ + |y — XA ai | ^ c(3*)2” fc ^ + ^ + 2 ~ k ( t+s ) for some 
c (3*) > 0. It remains to apply (1HS1) . (1401) and the inequality s ^ l — l 0 .) Hence, for 

1431 

| ^ l ^ f we have |/a(x)| > f. Consequently, 

3* 

141.101. 1371 . 1411 

II/a|Il^(0) ^ 11 11 (El (A)\E t+1 (A)) ~ 


> 


^ t q ■ 2^ t+l \k(t + l))~ avq pl(k{t + Z)) ■ 2 


—ktd—(d—0)kl {ktyrjkt) 


> 




{k(t + l))'ir{k{t + Z)) £ 


> 2- ek (H)- Q ^ +(?+ V^(H); 


i.e., 


||/a||l,,„(Q) > 2 9 (fa) 
3 


Okt , * s _ i-i,l 

- 4 “ / U+\— 0 :^ + 1 +- 


p v {kt). 


(52) 


Proof of Proposition [2j Let the set of cubes {Abe defined by formula (1471) . 


and let Fa v = ca„/a„ ; with ca„ such that 
follows that 

II Fa. 




L p (tt) 


= 1. From (1441) and (1441) it 


3* 

Further, supp Fa„ = supp /a„ C Q(a„) 0 and diarn Q(a„) 0 x 2~ kt . We apply Theorem 

i) * 

o to the covering {<3(A„) 0 }vg.V of the set V and argue similarly as in the proof of 
Proposition CD □ 


Remark 5. Let B v = /5 — — i) = 0 .In addition, let a < - in 

rv q ’ f \q pj + q 

the case 1 < p < q < oo, and let a < 1 + (1 — 7 ) ^ ^ in the case p ^ q. Then 

Propositions^ and\E hold; it implies that $ n (W£ (Q) , L qtV (Q)) = 00 for any n G Z + . 
In particular, if we take il n = d n , then we get that the deviation ofWf (f2) from any 
finite-dimensional subspace is infinite. 
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